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You should draw diagrams yourself throughout this document. It will be unreadable as
mere_symbols.

Definition 1. A representable functor is a functor F : C — Sets which is naturally
isomorphic to Home(A,-) for some A € C.

It is an easy fact that representable functors preserve limits. Indeed, it is enough to
show that they preserve products and equalisers, and both of these facts simply fall out
of the relevant diagrams.

What other functors preserve limits? Recall that morally, a functor has a left adjoint
iff it preserves all limits. (There are set-theoretic issues here, so the statement isn’t
actually true as stated; these are dealt with by the General Adjoint Functor Theorem.)

So we might hope that representable functors into Sets are precisely those which are
right adjoints.

1. RIGHT ADJOINTS ARE REPRESENTABLE

Suppose G : C — Sets is a right adjoint to F' : Sets — C. We want to find a
representing object, and it’s going to have to use F', so let’s see what would happen if
G were naturally isomorphic to Home(F'A, -).

By the definition of an adjoint, for every A € C, have

Hom¢ (FA, X) = Homgets (A4, GX)

But wait! We already have that Homgets({1}, GX) = GX. So actually F'1 represents
G.

2. REPRESENTABLE FUNCTORS HAVE LEFT ADJOINTS
This one is less immediate, so we’ll motivate it. The most trivial example of a repre-
sentable functor is l1gets, so we’ll go for the next most trivial:

Homgets({0,1},-) : Sets — Sets

What would it look like if this had an adjoint? We’ll use the most concrete definition
of an adjoint: as an initial object in an appropriate comma category.
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Hom({0,1}, FA) —° Hom({0,1}, B)

WAT /

What is f : A — Hom({0, 1}, B)? It is nothing more than an A-indexed collection of
maps {0,1} — B.

We want to make this unique h : FA — B, given a collection of maps {0,1} — B.

That suggests we want to glue the maps together somehow, and F'A will be a “glued
object”.

So we just take F'A to be the coproduct of {0, 1}-many copies of A.

That is, let FA = Ugo3A = {ao : a € A} U{a; : a € A}, and define ny : A —
Hom({0,1}, FA) by a — (n — ay,).

This construction generalises in exactly the obvious way to any representable functor
Sets — Sets, and then to C — Sets where C has coproducts.
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